We present in this paper a theory of dynamic polarizability for an atomic state due to an external field of non-paraxial Laguerre-Gaussian (LG) beam using the sum-over-states technique. A highly correlated relativistic coupled-cluster theory is used to evaluate the most important and correlation sensitive parts of the sum. The theory is applied on Sr + to determine the magic wavelengths for 5s 1/2 → 4d 3/2,5/2 transitions. Results show the variation of magic wavelengths with the choice of orbital and spin angular momenta of the incident LG beam. Also, the tunability of the magic wavelengths is studied using the focusing angle of the LG beam and observed its efficiency in the near-infrared region. Evaluations of the wide spectrum of magic wavelengths from infrared to ultra-violet have substantial importance to the experimentalists for carrying out high precision measurements in fundamental physics. These magic wavelengths can be used to confine the atom or ion at the dark central node or at the high-intensity ring of the LG beam. * analbhowmik@phy.iitkgp.ernet.in † nnd0004@auburn.edu ‡ sonjoym@phy.iitkgp.ernet.in 1 arXiv:1712.06059v2 [physics.atom-ph]
shown in FIG. 1, trapping of an atom is possible in the bright or dark region of an LG beam depending upon the sign of detuning. Apart from OAM, the LG beam also carries SAM associated with its polarization. During the interaction of paraxial LG beam with atoms or ions, which is below its recoil limit, the lowest order transition is possible at quadrupole level [18, 20] where the electronic motion is affected by the OAM of the LG beam. Therefore, the OAM of paraxial LG beam does not influence dipole polarizability of an atomic state, but certainly has some effect on quadrupolar polarizability. Hence the dipole polarizability solely depends on the SAM of the paraxial LG beam. But the situation is different when the non-paraxial or focused circular LG beam is considered. Here, the SAM and OAM of the beam are coupled, and they are not conserved separately [19, 21] . But the total angular momentum (=OAM+SAM) is conserved in interaction with atom [22, 23] . In our recent work [19] , we have shown that along with the SAM, the OAM of a focused LG beam can be transferred to the electronic motion of cold atoms in the dipole approximation level.
This leads to OAM-and SAM-dependent dipole polarizability of an atomic state and magic wavelengths of a transition.
In this paper, we develop a theory to calculate the dynamic dipole polarizability of an atomic state with circularly polarized non-paraxial LG beam and apply this to determine magic wavelengths of the transitions 5s 1/2 → 4d 3/2,5/2 of Sr + ion. We show that how the OAM and SAM of a focused LG beam affect the dipole polarizability of an atomic state.
The coupling of these two kinds of angular momentum increases with the focusing angle.
The impact of focusing angle on the dipole polarizability and magic wavelengths will be interesting to the experimentalists, and we quantify this with our numerical calculations.
We also found a number of magic wavelengths for which the ion can be confined to the nodes (blue-detuned) or antinodes (red-detuned) of the LG beam.
II. THEORETICAL FRAMEWORK
The second-order energy shift of an atom or ion placed in an external oscillating electric field E(ω) can be estimated from the time-independent perturbation theory as [24] ∆F (ω) = α(ω)E 2 , where α(ω) is the polarizability of the atomic or ionic energy state at frequency ω and E is the magnitude of the external electric field. For monovalent atomic system with a valence electron in the vth orbital, the polarizability can be represented as
Here, α c (ω) and α v (ω) are frequency dependent core polarizability of the ionic core (in the absence of the valence electron) and valence polarizability of the single valence system, respectively. α vc (ω) represents the correction [25] in core polarizability due to presence of the valence electron and is considered ω independent due to tightly bound core electrons.
The core polarizability of an atomic or ionic system can be estimated as [24, 26, 27] 
Here a and p represent all the core (occupied by electron) and virtual orbitals (unoccupied by electron), respectively. Φ a ||D DF ||Φ p and Φ a ||D RMBPT(2) ||Φ p are reduced dipole matrix elements at the Dirac-Fock (DF) and the second-order relativistic many-body perturbation theory (RMBPT(2)) levels, respectively.
To calculate the valence polarizability (α v (ω)) of a monovalent system, we consider that a non-paraxial LG beam interacts with cold Sr + whose de Broglie wavelength is large enough to feel the intensity variation of the focused LG beam. Here, the non-paraxial beam is created from a circularly polarized LG beam by passing it through an objective (lens) with high numerical aperture [19] . The spot size of the paraxial LG beam is such that it overfills the entrance aperture radius of the objective to take full advantage of the high numerical aperture. Because of focusing and the diffraction from the edges of the objective, the SAM and OAM of the light get coupled and compose into a superposition of plane waves having an infinite number of spatial harmonics [28, 29] . Here, we should mention that whenever we refer SAM or OAM, it should be understood that we mean the corresponding angular momentum of the paraxial LG beam before passing through the objective lens. For nonparaxial circularly polarized LG beam, the electric field in the laboratory coordinate system can be expressed as [19] 
where β and ω are the polarization and frequency of light, respectively. The amplitude of the focused electric field is E 0 = πf λ T E inc , where E inc is the amplitude of incident electric field, T is the transmission amplitude of the objective, and f is its focal length related with r by r = f sin θ (Abbe sine condition). The coefficient I (l) m , where m takes the values 0, ±1, ±2 in the above expressions, depends on focusing angle (θ max ) by [19, 23] 
where r ⊥ is the projection of r on the xy plane, w 0 is the waist of the paraxial beam and J l+m (kr ⊥ sin θ) is cylindrical Bessel function. The angular functions are g 0 (θ) = 1 + cos θ, g 1 (θ) = sin θ, g 2 (θ) = 1 − cos θ. We consider the incident beam has circular polarization with β = ±1. Therefore, Eq. (3) becomes
where the polarization vectorε β =x +iβŷ √ 2
. To make the equation simpler, we have written
m . Since, focusing of the LG beam has created three types of local polariztion (right circular, left circular and linear) [19] , therefore, to conserve the total angular momentum in each of the parts of Eq. (5), OAM should be modiefied accordingly. Hence, α v (ω) should have the cumulative effect of all three polarized parts of the electric field. Now, using Eq. (5), α v (ω) will take the form as
where J v is the total angular momentum of the state ψ v and m j is magnetic component. The
are the scalar, vector and tensor parts, respectively, of valence polarization and can be written as [24, 27] 
Therefore, α v (ω) directly depends on different combinations of integrals I (l) m . And, these integrals can be modified by changing the combination of SAM and OAM of the incident
LG beam and numerical aperture of the objective. Therefore the polarizability can also be tuned with the focusing angle of the non-paraxial LG beam.
III. NUMERICAL RESULTS AND INTERPRETATIONS
The major aim of this work is to calculate precise values of magic wavelengths associated with the 5s 1/2 → 4d 3/2,5/2 transitions of Sr + ion. Therefore as stated earlier, we need to estimate dynamic polarizabilities of the 5s 1/2 , 4d 3/2 , and 4d 5/2 states of this ion for different magnetic sublevels. Using Eqs (7), (8) , and (9), one can calculate the scalar, vector and tensor parts of the valence polarizabilities, respectively, for the associated valence configurations of these states. The precise estimations of E1 transition amplitudes and corresponding transition energies highlight the accuracy of our calculations. In order to evaluate these quantities, we use a relativistic coupled cluster (RCC) theory having wave operators associated with single and double and valence triple excitations in linear and nonlinear forms. This is similar in the spirit of CCSD(T) [30] used by many quantum chemists.
Our RCC wavefunctions, based on the corresponding DF wavefunctions, produce highly precise E1 transition amplitudes as discussed in our earlier work [31] [32] [33] [34] [35] [36] . Table I presents a comparison of the most important reduced dipole matrix elements as calculated by us with the corresponding theoretical results of Safronova [37] and some experimental measurements [38, 39] . Safronova estimated the results by using an all-order single-double with partial triple (SDpT) excitations method in linearized approximation.
The small difference between the results coming from the addition of some nonlinear terms in our present theory. Also, Safronova used B-spline bases to construct the Dirac-Fock orbitals, whereas we consider Gaussian-type orbital (GTO) bases to generate these orbitals.
The table also includes a comparison of the wavelengths of the transitions calculated by our RCC method with the corresponding wavelengths as obtained from the National Institute of Standards and Technology (NIST) [40] . [37] , b → (Experimental) [38] , c → (Experimental) [39] To calculate the required polarizabilities for 5s1 Eq. (8), and Eq. (9)) are considered at different levels of theoretical considerations depending on their significance to the sum. The most dominant and therefore important contributions to the valence polarizabilities come from the parts of the sums in Eq. (7), Eq. (8), and Eq. (9) which are involved with the intermediate states in the ranges of 5 2 P − 8 2 P and 4 2 F − 6 2 F . Therefore, the E1 matrix elements associated with these intermediate states are calculated using the correlation exhaustive RCC method. RMBPT(2) [41] , which includes core polarization correction on top of the DF approximation, is used to calculate the comparatively less significant E1 matrix elements in the polarizability expressions with intermediate states from 9 2 P − 12 2 P and 7 2 F − 12 2 F . The intermediate states with n = 13 to significant accuracy to the polarizability value, they are computed using the DF wavefunctions. For n greater than 25, the sums are expected to contribute by a very little amount and thus are neglected. To obtain better accuracy in calculating a total polarizability value,
we have used the experimental transition energies [40] to calculate the most dominant part of corresponding valence polarizability.
In Table II For the sake of comparison with LG beam, we have first plotted the dynamical polarizability of 5s1 states. The tabulated magic wavelengths fall in the near-infrared, visible and UV regions of the frequency spectrum. All the magic wavelengths, which belong to the visible and UV regions, favour blue-detuned trapping and which belong to the near-infrared region, support red-detuned trap scheme. In some cases, no magic wavelength is found for a particular range of the spectrum, and we kept them the slot as blank in the states. This phenomenon is significant for trapping of atoms or ions, as magic wavelengths with large polarizabilities will be more helpful to experimentalists for the trapping. In the range of our chosen spectrum, we find a set of five magic wavelengths for 5s1
transitions for all the considered combinations of OAM, SAM and focusing angles apart from few cases.
The Table IV , V and VI show that the infrared or near-infrared magic wavelengths region of the energy spectrum, have larger values of polarizabilities compare to the visible and UV regions. Therefore the magic wavelengths in infrared or near-infrared region are highly recommended for trapping using a red-detuned trap (see FIG. 1 ), where the ions can be trapped in the region of high intensity of the LG beam [16, 45] . Also, the magic As our main focus in this present work is on the magic wavelengths, therefore, we give a rough estimation of the theoretical uncertainty in the calculated magic wavelength values only. Here we recalculate the magic wavelengths (of all in Table III , IV, V and VI) by replacing our present RCC values of the most important E1 matrix elements by the corresponding SDpT values as calculated by Safronova [37] . These most important E1 matrix elements include 5s1 transitions for 4d 5 2 state. The maximum of the relative differences between these recalculated wavelengths and the corresponding actual wavelengths (as presented in Table III , IV, V, and VI) is ±1% and is considered as the theoretical uncertainty in our calculated magic wavelength values.
IV. CONCLUSIONS
A theoretical formalism of the dynamic polarizability of an atomic state due to the LG beam has been presented here in the robust form of the external field keeping in mind the trapping process of atoms or ions as best possible application. The sum-over-states technique is used to estimate the polarizability values. The correlation exhaustive RCC theory is applied to calculate the most important and correlation sensitive dipole matrix elements inside the sum. List of recommended magic wavelengths in the wide range electromagnetic spectrum, from IR to UV range, is presented for 5s 
